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Abstract1
A class of linear autonomous mixed type difference equations is considered, and some new 12
results on the asymptotic behavior and the stability are given, via a positive root of the 23
corresponding characteristic equation.4 3
Keywords Mixed type difference equation · Asymptotic behavior · Stability · Characteristic5
equation · Solution6
Mathematics Subject Classification 39A10 · 39A307
1 Introduction and preliminaries8
The purpose of this paper is to investigate the stability behaviour of the solutions of the linear9









q j x(n + j), n = 0, 1, 2, . . . (1.1)11
where pi for i = 1, 2, . . . , ℓ and q j for j = 1, 2, . . . , m are real numbers, and ℓ, m are12
positive integers and △x(n) is the forward operator defined by △x(n) = x(n + 1) − x(n).13
Qualitative theory of difference equations has drawn considerable attention in the past14
two decades. For the general background of difference equations, one can refer to the books15
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A. F. Yeniçerioğlu et al.
Kelley and Peterson [13], and Lakshmikantham and Trigiante [15]. Our aim in this paper is17
to give some new results on the asymptotic behavior and the stability for a class of linear18
autonomous mixed type difference equations. The difference equations considered are the19
discrete versions of first order linear autonomous mixed differential equations with delays20
and advances [see, the book ([8], pp. 355–364) and [10]].21
The Eq. (1.1) has been adequately introduced in [9] . In this reference, Ferreira and Pinelas22
have established the oscillatory criteria for the oscillatory mixed difference systems of form23
(1.1). The similar equation is studied in [2] [see also, ([3], Section 1.16)].24





pi x(n − i),26
which is a special case of Eq. (1.1). In this references, some stability analysis and asymptotic27
behavior were obtained for this delay difference equation.28
We remark that our results can be extended to nonautonomous linear mixed type difference29









q j (n)x(n + j),31
where pi (n) and q j (n) are sequences of real numbers (see [5,17]). Berezansky and Pinelas [5]32
have established oscillation properties for a scalar linear difference equation of mixed type.33
Finally, Pinelas [17] is obtained asymptotic behavior of a scalar linear difference equation of34
mixed equations. In this article, we have applied a different method for asymptotic behavior35
of (1.1).36
In this paper, we are concerned with the behavior of the solutions of autonomous linear37
mixed type difference equations. The general case of mixed type difference equations is38
considered in Sect. 2. Our results will be obtained via an appropriate positive real root of the39
corresponding characteristic equation.40
This paper deals with the asymptotic behavior and the stability for autonomous linear41
mixed type difference equations. A basic asymptotic criterion is established. Moreover, a42
useful estimate of the solutions is obtained and a stability criterion is derived. Our results are43
obtained by the use of a positive real root (with an appropriate property) of the corresponding44
characteristic equation. The techniques applied in obtaining our results are originated in a45
combination of the methods used in [14,16].46
Throughout the paper, by  we will denote the set of all φ = (φ(n))mn=−ℓ with φ(n) ∈ R47
for n = −ℓ, . . . , 0, . . . , m; this set is a finite dimensional space with the usual sup-norm48
‖ · ‖ defined by49
‖ φ ‖= sup
n=−ℓ,...,0,...,m
|φ(n)| for any φ = (φ(n))mn=−ℓ in .50
Along with the mixed type difference equation (1.1), we specify an initial condition of51
the form52
x(n) = φ(n) for n = −ℓ, . . . , 0, . . . , m; (1.2)53
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On the behavior of the solutions for linear autonomous…
where the initial function φ is a given real-valued function for n = −ℓ, . . . , 0, . . . , m satis-54
fying the “consistency condition”55









As usual, by a solution of the difference equation (1.1), we mean a sequence of real57
numbers (x(n))n≥−ℓ which satisfies (1.1) for all integers n ≥ 0. In order to guarantee its58
existence and uniqueness for given initial values (1.2), we will assume throughout this paper59
that the numbers q j for j = 1, 2, . . . , m are such that60
q1 = 1 if m = 161
qm = 0 if m ≥ 262
with no restrictions in other cases (see [11, Chapter 7] and [12]). The equations of (1.1) and63
(1.2) are an initial value problem (IVP, for short).64
Together with the mixed type difference equation (1.1), we associate the following65
equation66











which will be called the characteristic equation of (1.1).68



























The main result of this work establish conditions for the asymptotic behaviour of the71
Eq. (1.1).72





















Then, for any φ = (φ(n))mn=−ℓ in , the solution x of the IVP (1.1) and (1.2) satisfies76
|x(n)| ≤ N (λ0) ‖ φ ‖ λ
n


















Moreover, the trivial solution of the mixed type difference equation (1.1) is:82
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j |q j | < 1, (1.9)84
(ii) uniformly asymptotically stable if λ0 < 1, and85
(iii) unstable if λ0 > 1.86
2 Statement of themain results87
Before to proof our main result, Theorem 1.1, we must to establish a the following theorem,88
which establishes a basic asymptotic property for the solutions of the mixed type difference89
equation (1.1).90
Theorem 2.1 Let λ0 be a positive real root of the characteristic equation (1.3) with the91
Property A. Consider β(λ0) as in Theorem 1.1. Then for any φ = (φ(n))
m















































Note: Property A guarantees that 1 + β(λ0) > 0.97
Note: It is a natural question if the characteristic equation (1.3) possesses a positive real root98
λ0 with the property µ(λ0) (introduced in Theorem 2.1). In Sect. 3, we will give sufficient99
conditions on the coefficients and the delays and advances of (1.1) for the characteristic100
equation (1.3) to have a positive real root λ0 with the property µ(λ0).101



















































In this case, |β(λ0)| ≤ µ(λ0) will be provided, so |β(λ0)| < 1. Then 1 + β(λ0) > 0 is come104
out.105
Consider an arbitrary φ = (φ(n))mn=−ℓ in  and set106
y(n) = λ−n0 x(n) for n ≥ −ℓ.107
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Thus, by using the hypothesis that λ0 is a positive real root of the characteristic equation110







































































































for n ≥ 0. (2.3)115
The initial condition (1.2) can be written in the following equivalent form:116
y(n) = λ−n0 φ(n) for n = −ℓ, . . . , 0, . . . , m. (2.4)117





































+ L(λ0;φ) for n ≥ 0. (2.5)121
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Now, we define122
z(n) = y(n) −
L(λ0;φ)
1 + β(λ0)
for n ≥ −ℓ.123






































for n ≥ 0. (2.6)126
Moreover, the initial condition (2.4) takes the following equivalent form:127
z(n) = λ−n0 φ(n) −
L(λ0;φ)
1 + β(λ0)
for n = −ℓ, . . . , 0, . . . , m. (2.7)128
Because of the definitions of (y(n))n≥−ℓ and (z(n))n≥−ℓ , it remains to show that129
lim
n→∞
z(n) = 0. (2.8)130















Then (2.7) ensures that133
|z(n)| ≤ M(λ0;φ) for n = −ℓ, . . . , 0. (2.10)134
The constant M(λ0;φ), is a bound of the sequence (z(n))n≥−ℓ , i.e.135
|z(n)| ≤ M(λ0;φ) for all n ≥ −ℓ. (2.11)136
In fact, let ǫ be an arbitrary positive number. We claim that137
|z(n)| < M(λ0;φ) + ǫ for every n ≥ −ℓ. (2.12)138
Otherwise, in view of (2.10), there is an integer n0 > 0 with139
|z(n)| < M(λ0;φ) + ǫ for n = −ℓ, . . . , 0, . . . , n0 − 1, n0 + 1, . . . n0 + m140
and141
|z(n0)| = M(λ0;φ) + ǫ142
Then, by defining µ(λ0), as in Theorem 2.1, from (2.6) we get143




























































= µ(λ0) [M(λ0;φ) + ǫ]
< M(λ0;φ) + ǫ,
144
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which in view of Property A, leads to a contradiction. So, our claim is true, i.e. (2.12) holds.145
We have thus proved that (2.12) is fulfilled for all numbers ǫ > 0. Hence, (2.11) is satisfied.146




























































Consequently, by the definition of µ(λ0), we have149
|z(n)| ≤ µ(λ0)M(λ0;φ), for all n ≥ 0. (2.13)150
By (2.11) and (2.13), an easy induction leads to the conclusion that (z(n))n≥−ℓ satisfies151
|z(n)| ≤ (µ(λ0))
v M(λ0;φ), for all n ≥ vℓ − ℓ, (2.14)152
where v = 0, 1, . . .. Because of Property A, we have limn→∞ (µ(λ0))
v = 0. Thus, from153
(2.14) it follows that limn→∞ z(n) = 0, i.e. (2.8) holds.154
The proof of Theorem 2.1 is complete. ⊓⊔155
Note: By applying Theorem 2.1 with λ0 = 1, we immediately obtain the following result:156

























Let us now to prove the Theorem 1.1160






































































0} ≤ max{1, λ
ℓ
0}, i = 1, . . . , ℓ,164
max{1, λ
− j+1
0 } ≤ max{1, λ
−m
0 }, j = 1, . . . , m165
and using (1.8)166
max{1, λℓ0} ≤ k(λ0), max{1, λ
−m
0 } ≤ k(λ0),167
we have168
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So, because of the definition of µ(λ0) by Property A170





Let us consider the constant M(λ0;φ) defined by (2.9). Then using (1.8) and (2.15)172
M(λ0;φ) ≤‖ φ ‖ k(λ0) +
|L(λ0;φ)|
1 + β(λ0)














⎠ ‖ φ ‖ .
173
Next, define (y(n))n≥−ℓ and (z(n))n≥−ℓ as well as M(λ0;φ) as in the proof of Theo-174
rem 2.1. Then, as it has been shown in the proof of Theorem 2.1, the sequence (z(n))n≥−ℓ175
satisfies (2.13). By the definition of (z(n))n≥−ℓ and using (1.7), from (2.13) we get176

































= N (λ0) ‖ φ ‖ .
177
Hence, we have178
|y(n)| ≤ N (λ0) ‖ φ ‖ for all n ≥ 0,179
which, by the definition of (y(n))n≥−ℓ, yields180
|x(n)| ≤ N (λ0) ‖ φ ‖ λ
n
0 for all n ≥ 0.181
This completes the proof of the first part of the theorem. It remains to show the stability182
criterion contained in the theorem.183
Let us suppose that λ0 ≤ 1. Let φ = (φ(n))
m
n=−ℓ be an arbitrary initial function in  and184
let x be the solution of the IVP (1.1) and (1.2). Then (1.6) holds and hence185
|x(n)| ≤ N (λ0) ‖ φ ‖ for all n ≥ 0.186
Since |β(λ0)| ≤ µ(λ0), we obviously have N (λ0) > 1, and so, we have187
|x(n)| ≤ N (λ0) ‖ φ ‖ for all n ≥ −ℓ.188
Using this inequality, we can immediately verify that the trivial solution of (1.1) is uniformly189




Thus, for λ0 < 1 the trivial solution of (1.1) is uniformly asymptotically stable.192
Finally, we assume that λ0 > 1 and we will show that the trivial solution of (1.1) is193
unstable. Suppose, for the sake of contradiction, that the trivial solution of (1.1) is stable.194
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Then we can choose a number δ > 0 such that, for each φ = (φ(n))mn=−ℓ in  with ‖ φ ‖≤ δ,195
it holds196
|x(n)| < 1 for all n ≥ −ℓ. (2.16)197
Define φ0 = (φ0(n))
m
n=−ℓ in , where198
φ0(n) = λ
n
0 for n = −ℓ, . . . , 0, . . . , m.199
From (2.2), we can verify that200



























































= 1 + β(λ0) > 0. (2.17)203




φ0(n) for n = −ℓ, . . . , 0, . . . , m.205
Then, by setting φ = (φ(n))mn=−ℓ, we have ‖ φ ‖= δ0 < δ. So (2.16) is satisfied for the206


























We have thus arrived at a contradiction. The proof of Theorem 1.1 is now complete. ⊓⊔211
3 Additional lemmas212
In this section, we give some conditions, under which the characteristic equation (1.3) has a213
positive real root λ0 with the Property A. Here, we will give two lemmas about the positive214
real roots of (1.3).215





























































































, the characteristic equation (1.3) has a unique positive root221
λ0, and this root satisfies the Property A.222
Proof Define223




































































and so, we get F( r
r+1

















































and hence from (3.2) it follows that F( r+1
r


























































. So, as F( r
r+1
) < 0, F( r+1
r
) >232














. This root satisfies Property A. Indeed, by using again (3.3), we have234
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This completes the proof. ⊓⊔236
Note: We can use Lemma 3.1 and the stability criterion contained in Theorem 1.1 to derive237
the following corollary.238
Corollary 3.2 Assume that (3.1)–(3.3) are satisfied. Then the trivial solution of (1.1) is uni-239








q j < 0241








q j > 0.243







, the characteristic equation244
(3.1) has a unique root λ0; this root satisfies the Property A. Let F be defined by (3.4). For245






















So, the proof of Corollary 3.2 is now complete.250
⊓⊔251
Lemma 3.3 Let r is defined as in Lemma 3.1. Suppose that252
pi < 0 f or i = 1, . . . , ℓ, and q j ≤ 0 f or j = 1, . . . , m.253
Assume that (3.1) holds. Then,254





, the characteristic equation (1.3) has a unique root,255






, the characteristic equation (1.3) has a unique root and256
(iii) in the interval [1,∞), the characteristic equation (1.3) has no roots.257
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Proof We introduce the function F defined by258










j for λ > 0.259
We immediately obtain260









j( j − 1)q jλ
j−2 for λ > 0.261
So, using the hypothesis that pi < 0 and q j ≤ 0, we conclude that262
F ′′(λ) > 0 for all λ > 0,263
and consequently F is convex for λ > 0. Next, we observe that, as in the proof of Lemma 3.1,264
assumption (3.1) means that F( r
r+1
) < 0 holds true. Furthermore, it is not difficult to show265





< 0, F(0+) = ∞ and F ′′(λ) > 0 for λ > 0, the266





, and so part (i) has267















< 0, F(1) > 0 and F ′′(λ) > 0 for λ > 0, the characteristic equation (1.3)270






, and so, part (ii) has been shown. It remains to271
establish parts (iii). Because there are two roots in the interval (0, 1) and since F is convex,272
there is no root in the interval [1,∞).273
The proof of the lemma is complete. ⊓⊔274
4 Examples275




















x(n + j), n = 0, 1, 2, . . .278
x(n) = φ(n) for n = −2,−1, 0, 1, 2, (4.1)279
where φ(n) ∈ R.280
The characteristic equation of (4.1) is281
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roots of the polynomial in Example 4.1
Fig. 1 Locations of the roots of the polynomial in Example 4.1
or284
λ4 + 12λ3 − 16λ2 + 4λ − 1 = 0. (4.2)285
Here are the roots of (4.2) we obtain by the MATLAB function “roots.m”:286
λ1 = 1, λ2 = −13.2324, λ3 = 0.1162 + 0.2491i, λ4 = 0.1162 − 0.2491i .287
In Fig. 1, we give the locations of the roots of the polynomial in Example 4.1. We have λ = 1288




























































x(n + j), n = 0, 1, 2, · · ·293
x(n) = φ(n) for n = −3,−2,−1, 0, 1, (4.3)294
where φ(n) ∈ R.295
The characteristic equation of (4.3) is296













640λ4 − 648λ3 − 324λ2 − 162λ − 81 = 0. (4.4)299
Here are the roots of (4.4) we obtain by the MATLAB function “roots.m”:300
λ1 = 3/2, λ2 = −0.425, λ3 = 0.0312 + 0.4444i, λ4 = 0.0312 − 0.4444i .301
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roots of the polynomial in Example 4.2
Fig. 2 Locations of the roots of the polynomial in Example4.2
In Fig. 2, we give the locations of the roots of the polynomial in Example 4.2. We have λ = 3
2
302
is unique positive real root of (4.4). Then, for λ0 =
3
2
























































x(n − 1) −
1
4
x(n + 1), n = 0, 1, 2, . . .307
x(n) = φ(n) for n = −1, 0, 1, (4.5)308
where φ(n) ∈ R.309
The characteristic equation of (4.5) is310
45λ2 − 36λ + 4 = 0. (4.6)311




























































Then, the trivial solution of (4.5) is uniformly asymptotically stable by Theorem 1.1.316
In this example, stability analysis could be performed using Corollary 3.2. Indeed, if the317
conditions of (3.1), (3.2) and (3.3) are calculated respectively, since r = 1, we obtain318
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< 0, the trivial solution of (4.5) is uniformly322
asymptotically stable by Corollary 3.2.323
Moreover, it is easily seen that in this example provides the Lemmas 3.1and 3.3.324
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